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Abstract
The model of generalized quons is described in a purely algebraic way.
Commutation relations and corresponding consistency conditions for
our generalized quons system are studied in terms of quantum Weyl
algebras. Fock space representation and corresponding scalar product
is also given.
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1 Introduction
It is well known that all standard particles in physics like electrons, pho-
tons, protons and all others can be divided into two classes according to
their statistics: fermions and bosons. In the last years particle excitations
equipped with new kind of statistics have been discovered. For example
particles with fractional spin and statistics interpolating between fermions
and bosons appears in the two dimensional field theories. We have for these
particles the following commutation relations for creation and anihilation
operators
a∗i aj − q aj a
∗
i = δij1,
where the deformation parameters q is real and −1<q<1 [1, 2, 3]. Observe
that the above relations for q = 1 become the canonical commutation re-
lations for bosons and for q = −1 become the canonical anticommutation
relations for fermions. Note that for q 6= +1 we have the mixed relations
between anihilation and creation operators only, there are no relations for
operators of the same kind, i.e. for creation operators or for anihilation op-
erators [6]. Particles described by the above commutation relations called
quons have been studied by several authors, by D. Zagier [7], by Boz˙ejko
and Speicher [8, 9], Finkelstein [10] and others. A simple physical model
for particles with interpolating statistics called anyons has been given by
Wilczek, [4]. According to his concept an anyon is a composite system which
consist a particle with charge e and a singular magnetic field concentrated
completely on a vertical line. The charge is moving around the singular this
line in the region in which there is no influence of the magnetic field. Note
that every rotation yields an arbitrary phase factor in the wave function of
the particle. This means that the statistics is fractional. Anyons in general
has been studied from different point of view. The path integral method
have been used by Wilczek, Zee and Wu [4, 5, 11]. The connection with
the Chern-Simon theory has been studied in Ref. [12, 13, 14]. Anyons as
q-deformation of bosons has been considered in Ref. [15]. In Ref. [16] the
anyonic excitations are described by the Zamolodchikov-Faddeev algebra.
On the other hand it is known that recently the deformed commutation re-
lations for creation and anihilation operators (CAO) has been studied from
different points of views by several authors. For example the deformation
of bosons and fermions corresponding to quantum groups SUq(2) has been
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given by Pusz and Woronowicz [17, 18]. The deformation corresponding to
superparticles has been considered by Chaichian, Kulisch and Lukierski [19].
Quantum deformations have benn also studied by Fairle and Zachos [20],
Vokos [21], Arik [22] and many others. The commutation relations for Hecke
braiding has been studied by Kempf [23]. It is interesting that from algebraic
point of view that all deformations of commutation relations for CAO can
be described in terms of the so-called Wick algebras [25]. Note that Wick
algebras are some special examples of quantum Weyl algebras [26], see also
Refers [27, 28]. Observe that in Wick algebra there are no relations between
creation (or anihilation) operators themselves but such relations are possi-
ble in certain cases [25]. Obviously all such relations should be consistent.
Hence we need some additional assumption for such consistency. Such con-
ditions look like the Wess-Zumino consistency conditions on quantum plane
[29]. Wick algebras with additional relations and the corresponding consis-
tency conditions have been studied by the author and by Ra lowski in Ref.
[33, 34, 35, 36]. In this paper we are going to study a generalized quons as
a generalization of Wilczek model of anyons. For our generalized quons we
obtain the following relations
a∗i ai − qi ai a
∗
i = 1, a
∗
i aj − bij aj a
∗
i = 0, for i 6= j
ai aj − bij aj ai = 0, a
∗
i a
∗
j − bij a
∗
j a
∗
i = 0,
where −1<qi<1 are real parameters, and bij = bji are some coefficients. The
paper is organized as follows. In Section 2 as the mathematical preliminaries
we recall the concept of quantum Weyl algebras. In Sec. 3 we describe
the model for generalized quons. By a system of N generalized quons we
understood rotational excitations corresponding to ordinary particle moving
on a plane withN singularities. We assume that for every singular point there
is a corresponding operator of (discrete) rotation. We also assume that such
operators generate an abelian group. We give the commutation relations for
a system of our generalized quons in terms of a quantum Weyl algebra. Next
we give the solution for the consistency conditions corresponding to a system
of N -quons. The category of quantum states for our system is described in
Section 4. The Fock space representation is considered in Section 5. The
scalar product is also given.
3
2 Quantum Weyl algebras
Let us give a short introduction to the concept of quantum Weyl algebras
[28, 27] for the description of quantum states of our generalized quons. Let E
be a finite dimensional Hilbert space equipped with a basis xi, i = 1, ..., N =
dimH . The conjugated dual space is denoted by E∗. Note that our notation
is not covariant. We assume that the pairing (.|.) : E∗ ⊗ E −→ C and the
corresponding scalar product is given by
(u∗|v) ≡< u|v >:= ΣNi u
ivi, (1)
where u∗ = ΣNi u
ix∗i and v = ΣNi v
ixi. We have here the following
Definition A : A linear and invertible operator C : E∗ ⊗E −→ E ⊗ E∗
C(x∗i ⊗ xj) = Σk,∗l C
∗ij
k∗l x
k ⊗ x∗l, (2)
for which we have
(C∗ijk∗l)
∗ = C
∗ji
l∗k, i.e. C
∗ = C
T
, (3)
where (CT )∗ijk∗l = C
∗ji
l∗k , is said to be a skew or a cross operator.
It is a fundamental object for all our next constructions. Let C : E⊗E∗ −→
E∗ ⊗ E be an arbitrary skew operator. We define a partial dual to C as a
linear operator C˜ : E ⊗ E −→ E ⊗ E such that we have the relation
((.|.)⊗ idE) ◦ (idE∗ ⊗ C˜) = (idE ⊗ (.|.)) ◦ (C ⊗ idE). (4)
on E∗ ⊗ E ⊗E. We have (x∗i|xj) = δ∗ij , hence we obtain
(C˜)ijkl = C
∗ki
l∗j . (5)
Let us assume that we have a second linear and invertible operator B :
E ⊗ E −→ E ⊗E.
B(xi ⊗ xj) = Bijkl x
k ⊗ xl, (B∗)ijkl = B
∗j∗i
∗l∗k. (6)
Definition C An algebra W ≡W(B,C)
W ≡W(B,C) := T (E ⊕E∗)/IB,C , (7)
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where IB,C = IC + IB + IB∗ is an ideal in T (E⊕E
∗) is said to be a quantum
Weyl algebra if it is generated by the following relations
x∗i xj = δij 1+ C∗ijk∗l x
k x∗l,
xi xj − Bijkl x
k xl = 0,
x∗i x∗j − B
∗i∗j
∗k∗l x
∗k x∗l = 0,
(8)
and equipped with consistency conditions
B(1)B(2)B(1) = B(2)B(1)B(2),
B(1)C(2)C(1) = C(2)C(1)B(2),
(idE⊗E + C˜)(idE⊗E − B) = 0.
(9)
Let us introduce a linear operator Rn by the formula
Rn := id + C˜
(1) + C˜(1)C˜(2) + ...+ C˜(1)...C˜(n−1). (10)
Note that properties of the operator R2 := id+ C˜ is essential for the algebra
W(B,C), see Refers [9, 25]. If the kernel ofR2 is trivial then we have relations
between elements of Wick algebra and their conjugates only. There are no
relations between elements of the some kind themselves. Such additional
relations are possible if and only if the kernel of R2 is nontrivial. Observe
that if the operator C˜ has an eigenvalue λ = −1, then R2 has nontrivial
kernel and vice versa.
3 Generalized quon particles
Let us consider a particle moving on a plane with N singular points. The
proper physical nature of such singularities is not important for us. Only
discrete rotations of this particle around singularities are essential for our
model. The moving between singularities is completely irrelevant. Hence it
is not difficult to show that the rotational excitations on singularities behave
like a system of N independent particles. These rotational excitations are
called generalized quons. In this Section we are going to describe the Weyl
algebra for our system of generalized quons. We assume that the i-th singular
point is characterized by a real numbers qi, −1<qi<1, i = 1, ..., N . We also
assume that σi is an operator for discrete rotation around the i-th singular
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point. Next we assume for simplicity that σi, (i = 1, ..., N) generate an
abelian group Γ. It is natural to assume that the statistics for our quons is
determined by a commutation factor factor in the sense of Scheunert [37] on
the group Γ. Recall that a commutation factor on an abelian group Γ is a
mapping b : Γ× Γ −→ C− {0} such that
b(α + β, γ) = b(α, γ)b(β, γ), b(α, β)b(β, α) = 1 (11)
for every α, β, γ ∈ Γ. We assume here in addition that b(α, α) = 1 for every
α ∈ Γ.
Now let us consider the quantum Weyl algebra W(B,C) corresponding for
the system of N generalized quons. In order to do that we assume that the
element xi describe the quantum state corresponding to the one left rotation
around the i-th singular points, i.e xi correspond to the generator σi. In
other words the space E is graded by Γ, i.e. xi is a homogeneous element
with respect to the gradation of grade σi. Similarly x
∗i correspond to the one
right rotation around the i-th singularity. For the gradation we have here
the relation
grade(xi) + grade(x∗i) = 0. (12)
In this way the Hilbert space E can be understood as the space of quantum
states for left rotations and E∗ - for the right rotations. We need two oper-
ators C and B for the construction of quantum Weyl algebra. We assume
that the operator C is given by
C(x∗i ⊗ xj) := cji x
j ⊗ x∗i (no sum) (13)
for i, j = 1, ..., N , where qij are complex parameters such that cii ≡ qi, where
qi characterize the i-th singular point on a plane. For the additional operator
B we assume that
B(xi ⊗ xj) := bij x
j ⊗ xi, (no sum) (14)
where bij := b(σi, σj) are coefficient for a commutation factor b : Γ × Γ −→
C− {0} on the grading group Γ. This means that bijbji = 1 and bii = 1 for
all i = 1, ..., N . In other words B is an even colour unital braiding, see Ref.
[31] for more details. From consistency conditions we obtain
cij =
{
bij for i 6= j
qi for i = j
(15)
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Note that such solution for consistency condition has been found by Borowiec
and Kharchenko, see Ref. [48] for differential calculi. In this way the quantum
Weyl algebra W(B,C) for quons is an algebra generated by xi and x∗j (i,j =
1,...,N) subject to relations
x∗ixi = 1 + qi x
ix∗i for i = j, x∗ixj = bji x
jx∗i for i 6= j,
xixj = bij x
jxi for all i, j, x∗jx∗i = bji x
∗ix∗j for all i, j.
(16)
This algebra is denoted by Wq,b(N). Let us consider a few simple examples:
Example 2.1 In the case of N = 1 we obtain
x∗ x = q x x∗ + 1, (17)
i.e. the usual q-commutation relations, see Ref. [6] for example. The corre-
sponding quantum Weyl algebra is denoted by Wq.
Example 2.2 For N = 2 we have an algebra generated by x, y and x∗, y∗
and relations
x∗ x = q x x∗ + 1, y∗ y = p y y∗ + 1, x y = + y x, (18)
where q1 = q, q2 = p, and bij = +1.
Example 2.3 For arbitrary N>2 we can define an algebra Wq,Θ(N) for
which we have
bij = exp
2piΘij
n
, (19)
where Θij = −Θji, Θij is an integer (mod n) for every i, j = 1, ..., N , i 6= j,
and q = {qi| − 1<qi<1, i = 1, ..., N}. The case qi = + for every i = 1, ..., N
corresponds to particles which are in usual called anyons.
4 The category of states
In this Section we would like to describe all quantum states for the system of
generalized quons. As was indicated in the previous Section, spaces E and
E∗ correspond for the left and right single rotations around singularities. For
multiply rotations we need tensor product of these spaces. In this way all
states can be described by a family of spaces. Such family form a braided
monoidal category. Hence let us briefly recall the concept of braided category.
A monoidal category C ≡ C(⊗, k) is shortly speaking a category C equipped
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with a monoidal associative operation (a bifunctor) ⊗ : C × C −→ C which
has a two-sided identity object k, see Ref. [49, 50, 51, 45, 46] for details. A
family of natural isomorphisms
Ψ ≡ {ΨU⊗W : U ⊗W −→W ⊗ U} (20)
such that we have the following relations
ΨU⊗V,W = Ψ
(1)
U,W ◦Ψ
(2)
V,W ,
ΨU,V⊗W = Ψ
(2)
U,W ◦Ψ
(1)
U,V ,
(21)
is said to be a braiding or a braid symmetry on C. The corresponding category
is said to be a braided monoidal category [45, 49]. It is denoted by C ≡
C(⊗, k,Ψ). If in addition
Ψ2U,V = id, (22)
for every objects U, V ∈ C, then Ψ is said to be a symmetry or tensor
symmetry and the corresponding category C is called a symmetric monoidal
or tensor category, see Ref. [42, 40, 41]. If the condition (22) holds, then we
use the symbol S instead of Ψ. The following result is important for us.
If we have two linear and invertible operators C : E∗ ⊗ E −→ E ⊗ E∗, and
B : E ⊗E −→ E ⊗ E such that the consistency conditions (9) are satisfied,
then there is a braided monoidal category C ≡ (⊗, k,Ψ) generated by E, E∗,
C and B. The category C contains: the underground field k = C of complex
numbers, the vector space E and the dual E∗, all tensor products ofE and E∗,
all direct sums, and some quotients. We define braidings ΨE,E,ΨE∗,E ,ΨE,E∗,
and ΨE∗,E∗ by formulae
ΨE,E ≡ B, ΨE∗,E ≡ C,
ΨE,E∗ ≡ C
−1, ΨE∗,E∗ ≡ B
∗,
(23)
where (B∗)ijkl = B
∗l∗k
∗j∗i . All above braidings can be extended to all tensor
products of spaces E and E∗ by formulae (21). In this way we obtain
ΨE,E⊗l := B
(l) ◦ . . . ◦B(1),
ΨE⊗k,E⊗l := Ψ
(1)
E,E⊗l
◦ . . . ◦Ψ
(k)
E,E⊗l
,
ΨE∗⊗k,E⊗l,
:= C(l) ◦ . . . ◦ C(1) ◦ . . . ◦ C(k+l−1) ◦ . . . ◦ C(k−1) ◦ C(k+l) ◦ . . . ◦ C(k).
(24)
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Let us consider in particular the braided monoidal category corresponding
to our quons system. In this case we obtain a category of Γ-graded spaces
denoted by C(⊗, q, b,Γ). In this case we can understood objects of the cat-
egory as all possible spaces of quantum states for our quons. For example
the tensor product E⊗k can be understood as a space for all quantum states
corresponding to the k rotations to the left. If we substitute formulae (13)
and (14) into relations (23), then we obtain the braid symmetry for quons.
For example we have
ΨE,E⊗l(x
i ⊗ (xj1 ⊗ ...⊗ xjl))
:= Πlk=1 bijk ((x
j1 ⊗ ...⊗ xjl)⊗ xi).
(25)
Obviously the braid symmetric states should be equivalent.
An algebra A ≡ AB(E) := TE/IB, is said to be B-symmetric algebra over
E [39], if it is generated by the relation
m ◦ (idE⊗E −B)(x
i ⊗ xj) = 0, (26)
where m is the multiplication in the algebra, or equivalently
xi xj − Bijkl x
k xl = 0. (27)
This means that the algebra A for our quon system is an algebra generated
by {xi|i = 1, ..., N} and relation
xi xj = bij x
j xi. (28)
This algebra can be regarded as the algebra of all braid equivalent quantum
states for left rotations. On the other hand we have a B-symmetric algebra
A∗ over the space E∗, it is an algebra defined as the quotient A∗ ≡ AB(E
∗) :=
TE∗/I∗, such we have the following relations
x∗i ⊗ x∗j − B
∗i∗j
∗k∗l x
∗k ⊗ x∗l = 0.
Obviously A and A∗ are quadratic algebras over E, and E∗, respectively.
They are graded
A =
⊕
n∈N A
n, A0 ≡ k, A1 ≡ E,
A∗ =
⊕
n∈N A
∗n, A∗0 ≡ k, A∗1 ≡ E∗.
(29)
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We denote by P : TE −→ A and P ∗ : TE∗ −→ A∗ the quotient mappings.
We have
Pk ≡ idE⊗k +B ⊗ idE⊗k−2 + (B ⊗ idE⊗k−2) ◦ (idE ⊗ B ⊗ idE⊗k−3) + ...,
P ∗k ≡ idE∗⊗k +B
∗ ⊗ idE∗⊗k−2 + (B
∗ ⊗ idE∗⊗k−2) ◦ (idE∗ ⊗ B
∗ ⊗ idE∗k−3) + ...,
(30)
for the k-th homogeneous components of P and P ∗ respectively.
Let us define a right evaluation mapping evk : E
∗ ⊗ E⊗k −→ E⊗k−1 by
formulae
ev1 ≡ (.|.),
evk := ev1 ⊗ idE⊗k−1 + (idE∗ ⊗ evk−1) ◦ (C˜ ⊗ idE⊗k−1).
(31)
Lemma B The evaluation mapping ev is braid commutative, i.e. we have
evk+l
[
idE∗ ⊗ (idE⊗k⊗E⊗l −ΨE⊗k,E⊗l)
]
= 0. (32)
on E∗ ⊗ E⊗k ⊗ E⊗l.
Proof We prove for k = l = 1 only. We have
ev2 [idE∗ ⊗ (idE⊗E − B)]
=
[
(ev1 ⊗ idE) + (idE ⊗ ev1) ◦ (C˜ ⊗ idE)
]
[idE∗ ⊗ (idE⊗E −B)]
= (ev1 ⊗ idE)
[
idE∗ ⊗ ((idE⊗E + C˜) ◦ (id− B))
]
= 0.
✷
It follows from the braid commutativity of the evaluation mapping ev that
it can be projected to the algebra A. Hence the projected evaluation is a
mapping α : E∗ ⊗A −→ A given by the relation
α1 := ev1 ≡ (.|.),
αk(idE∗ ⊗ Pk) := Pk−1 ◦ evk.
(33)
For the evaluation α we have the following deformed Leibniz rule
αk+l ◦ (idE∗ ⊗m) = m ◦
[
(αk ⊗ idAl) + (idAk ⊗ αl) ◦ (ΨE∗,Ak ⊗ idAl)
]
,
(34)
defined on E∗ ⊗Ak ⊗Al. We also have the relation
αl+1 ◦ (idE∗ ⊗ αl) ◦ [idE∗⊗E∗⊗A − (ΨE∗,E∗ ⊗ idA)] = 0 (35)
on E∗ ⊗ E∗ ⊗A. We have for example
α2(x
∗i ⊗ xkxl) = δik xl + bik δ
il xk. (36)
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5 Fock space representation
We going to construct a representation a :W(B,C) −→ End(A) of the Wick
algebra W on the algebra A. For generators xi and x∗j , (i, j = 1, ..., N) we
define
axif ≡ m(x
i ⊗ f), ax∗if ≡ α(x
∗i ⊗ f) (37)
for every f ∈ A. One can extend this representation for the whole Wick
algebraW. Obviously our commutation relations for creation and anihilation
operators should be consistent with defining relations for the algebraW. One
can also consider the representation of the Wick algebra W on the algebra
A∗ in a similar way.
Let us define a Ψ-bracket by the relation
[aˆi, aˆj ]Ψ ≡ [., .]Ψ(aˆi ⊗ aˆj) := c ◦ (id−Ψ)(aˆi,⊗aˆj), (38)
where aˆi stands for ax∗i or axi , c is the composition map and
Ψ(aˆx∗i ⊗ aˆxj) := aΨ(xˆi⊗xˆj), (39)
where xˆi stands for x∗i or xi and the braiding Ψ on the right hand of the
above formula is given by the relations (23). We have here the following
important
Theorem A We have on the algebra A the following commutation relations
for the representation of Wick algebra W(B,C)
[ax∗i, axj ]Ψ = δij , [axi, axj ]Ψ = 0, [ax∗i, ax∗j ]Ψ = 0. (40)
Proof Using the relations (37) we obtain
(ax∗i ◦ axj)f ≡ αl+1 ◦ (idE∗ ⊗m)(x
∗i ⊗ xj ⊗ f),
(axi ◦ axj)f ≡ m ◦ (idE ⊗m)(x
i ⊗ xj ⊗ f),
(ax∗i ◦ ax∗j)f ≡ αl+1 ◦ (idE∗ ⊗ αl)(x
∗i ⊗ x∗j ⊗ f),
(41)
for f ∈ Al. We also have
c ◦Ψ(ax∗i ⊗ axj )f ≡ m ◦ (idE ⊗ αl+1) ◦ (C ⊗ idA)(x
∗i ⊗ xj ⊗ f),
c ◦Ψ(axi ⊗ axj)f ≡ m ◦ (idE ⊗m) ◦ (B ⊗ idA)(x
i ⊗ xj ⊗ f),
c ◦Ψ(ax∗i ⊗ ax∗j )f ≡ αl+1 ◦ (idE∗ ⊗ αl)(B
∗ ⊗ idA)(x
∗i ⊗ x∗j ⊗ f),
(42)
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It follows immediately from the definition (38) of the Ψ-bracket that we have
[aˆi, aˆj ]Ψf = [aˆi ◦ aˆj − c ◦Ψ(aˆi,⊗aˆj)] f. (43)
Now we can calculate the first relation (40) as follows
[ax∗i, axj ]Ψf
= [αl+1 ◦ (idE∗ ⊗m)(x
∗i ⊗ xj ⊗ f)−m ◦ (idE ⊗ αl) ◦ (C ⊗ idA)]
(x∗i ⊗ xj ⊗ f) = m ◦ (α1 ⊗ idA)(x
∗i ⊗ xj ⊗ f) = δijf,
(44)
where f ∈ A and the relation (34) has been used. For the the second relation
(40) we obtain
[axi , axj ]Ψf
= m ◦ (idE ⊗m) [idE⊗E⊗A − (B ⊗ idA)(x
i ⊗ xj ⊗ f)] = 0.
(45)
Finally we calculate the third commutation relation (40)
[ax∗i , ax∗j ]Ψf
= αl+1 ◦ (idE∗ ⊗ αl) [idE∗⊗E∗⊗A − (B
∗ ⊗ idA)] (x
∗i ⊗ x∗j ⊗ f) = 0,
(46)
where the relation (35) has been used. ✷
We introduce here the following state vector
|n1...nN >= (x
1)n1...(xN )nN (47)
up to some normalization factor. For the ground state vector |0 >≡ 1A we
have as usual ax∗i|0 >= 0. The scalar product can be given by the following
formula
< s|t >C := δmn < s|P
′
nt > (48)
for s ∈ Am and t ∈ An, where P ′n is an operator defined by induction
Pn+1 := (id⊗ Pn) ◦Rn, (49)
where P1 ≡ id and the operator Rn is given by the formula (10). Note that
there is a very interesting result of Boz˙ejko and Speicher [9]. If the operator
C˜ is a bounded operator acting on some Hilbert space such that
(i) C˜ = C˜∗,
(ii) ||C˜||<1,
(iii) C˜ is Yang-Baxter,
(50)
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then the scalar product given by the relation (48) is positive definite. Let us
consider the representation of the Wick algebra Wq,b(N). corresponding for
quons. In this case we have the following action for creation and anihilation
operators
axi |n1...nN >= Π
i−1
k=1 bik |n1, ..., ni + 1, ..., nN >,
ax∗i |n1...nN >= Π
i−1
k=1 bik [ni]qi|n1...ni − 1...nN >,
(51)
[ni]qi =
1−q
ni
i
1−qi
, (i = 1, ..., N). For commutation relations we obtain
a∗i aj − cij aj a
∗
i = δij1, ai aj − bij aj ai = 0, a
∗
i a
∗
j − bij a
∗
j a
∗
i = 0, (52)
where a∗i := ax∗i and ai := axi. It follows from the mentioned above theorem
of Boz˙ejko and Speicher that the corresponding scalar product is positive
definite if all qi are real, −1<qi<1, and bij = bij . Note that in our quonic
interpretation the vector |n1...nN > describe the state corresponding to n1
left rotations corresponding to the first singularity,...,and to nN left rotations
corresponding to the last singularity. It is interesting that creation and anihi-
lation operators create and anihilate rotations (or more precisely - rotational
excitations) not particles! Observe that in the above representation we have
only left rotations. For right rotations we need the representation on the
algebra A∗.
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